Introduction
We denote by A 1 (N) and A 0 (N) the modular function fields with respect to Γ 1 (N) and Γ 0 (N) respectively. Let E be a set of triples of integers a = [a 1 , a 2 , a 3 ] with the properties 0 < a i ≤ N/2 and a i = a j for i = j. For an element τ of complex upper half plane H, we denote by L τ the lattice in C generated by 1 and τ . Let ℘(z; L τ ) be the Weierstrass ℘-function relative to the lattice L τ . For a ∈ E, consider a function W a (τ ) on H defined by W a (τ ) = ℘(a 1 /N; τ ) − ℘(a 3 /N; τ ) ℘(a 2 /N; τ ) − ℘(a 3 /N; τ ) .
This function is a modular function with respect to Γ 1 (N), referred in Chapter 18, §6 of Lang [6] . He pointed out that it is interesting to investigate its special values at imaginary quadratic points. In [4] and [5] , to construct generators of A 1 (N) and A 0 (N), we used the function W a (τ ) and the function T a 1 ,a 2 (τ ) which is the trace of the product W a 1 W a 2 (a i ∈ E) relative to the extension A 1 (N)/A 0 (N). Further we provided an explicit representation of the modular j-function j(τ ) with those generators. In this article, we study the properties of singular values of W a and those of a function T A,F which is a generalization of the function T a 1 ,a 2 . See §2 for the precise definition of T A,F . Our results in this article are as follows. In Theorem 3.7 and Corollary 4.6 we prove, for imaginary quadratic points α ∈ H and sets a, A satisfying some conditions, that singular values W a (α) are units of the ray class field for non-negative integers m and n. In Theorem 4.3, without the assumption N are prime, we show that A 0 (N) Q = Q(j, T A 0 ,F 0 ). We deduce from those results that singular values of those functions generate ring class fields over K (see Theorem 4.7). Finally in §5 we study class polynomials of T A,F with respect to Schertz N-systems.
In the followings, for a function f (τ ) and a matrix
we shall denote
2 Modular functions W a (τ ) and T A,F (τ )
Let W a (τ ) be the function defined in §1. In [4] , we showed the function W a is a modular function with respect to Γ 1 (N) and it has neither zeros nor poles on H. Let us consider the factor group G(N) = Γ 0 (N)/{±E 2 }Γ 1 (N), where E 2 is the unit matrix. Put
For a tuple A = [a 1 , . . . , a n ] (a i ∈ E) and a polynomial F = F (X 1 , X 2 , . . . , X n ) ∈ Z[X 1 , X 2 , . . . , X n ], we define a function
Then obviously T A,F (τ ) is a modular function with respect to Γ 0 (N) and has no poles on H. For λ ∈ S N , a = [a 1 , a 2 , a 3 ] ∈ E, define an element λa of E by
where {λa i } is the integer such that
Proof. The assertion (i) is showed in §2 of [4] . The assertion (ii) is obvious from (i).
We denote by T a and T a 1 ,a 2 the function T A,F with A = [a], F = X 1 and A = [a 1 , a 2 ], F = X 1 X 2 respectively.
Modular equations
Let j be the modular j-function. Let Γ be a subgroup of SL 2 (Z) of finite index. For a modular function f with respect to Γ, we define the modular equation of f relative to j by
where B runs over a transversal of the coset decomposition of SL 2 (Z) by Γ. Obviously the coefficients of Φ[f ](X, j) with respect to X are in C(j). If f has no poles on H, then the coefficients of Φ[f ](X, j) are polynomials of j. Hereafter to avoid tedious notation, we denote by Φ A,F (X, j) the equation Φ[T A,F ](X, j). Since W a and T A,F have no poles on H, we have
under some conditions imposed on N and A. For a positive divisor t of N, let Θ t be a set of ϕ((t, N/t)) pairs of integers (u, v) such that (u, t) = 1, uv ≡ 1 mod t and u are inequivalent to each other modulo (t, N/t). For (u, v) ∈ Θ t and k ∈ Z, consider a matrix in SL 2 (Z)
We denote by M Θt the set of matrices
(ii) The set of matrices
Proof. The number of elements of the set is Let ℓ t be an integer prime to t and ℓ * t an integer such that ℓ t ℓ * t ≡ 1 mod t. For the set Θ t , put
Then obviously the set of matrices ∪ t|N M ℓtΘt is also a transversal of the coset decomposition. For an integer s not congruent to 0 mod N, let
Put q = exp(2πiτ /N) and ζ = exp(2πi/N). To consider the q-expansion of the function φ s [B(t, u, v, k)] 2 , for an integer s, we define two integers {s} and µ(s) by the following conditions:
By Lemma 1 of [4] , we have, with
In particular we note the function
For an integer ℓ prime to N, let σ ℓ be the automorphism of Q(ζ) over Q defined by
Lemma 3.2. Let ℓ be an integer prime to N and ℓ * an integer such that
2 is given by substituting s * by ℓs * in the equation (1) . If {st} = 0, then we see ℓs * = (ℓs)
in each case, we have our assertion.
We consider two subsets E 1 and E 2 of E given by
It is noted E 1 = ∅ for N ≥ 7 (resp.10) if N is odd (resp.even) and E 2 = ∅ for N such that (N, 6) = 1, N ≥ 7. Further if N is a prime number and N ≥ 7, then
Proposition 3.4. Let ℓ be an integer prime to N and ℓ * an integer such that
where
(ii) For a tuple A = [a 1 , . . . , a n ] (a i ∈ E 1 ), we have
Proof. By definition of W a we have
Therefore, (i) follows from Lemma 3.2 and (ii) is obvious from (i) and Proposition 2.1.
It is noted that for t = 1, N to obtain the results in Proposition 3.4, we do not need the condition a i ∈ E 1 .
and p are prime divisors of N.
Proof. We know the coefficients C[a] i , C A,i ∈ Q(ζ)((q)). To show (i), we have only to prove that they are invariant under the action of σ ℓ for all ℓ prime to N. By (i) of Proposition 2.1, we see
where ℓ is the element of S N induced by ℓ.
Thus, W a • B ∈ Z[ζ]((q)). Next we shall consider the case t = N. We can take
By (1), we see
× for integers r, s such that (rs, N) = 1, we see
Therefore for some 
Let K be an imaginary quadratic field and K N the ray class field modulo N over K.
Proof. By Complex multiplication theory, j(α) is an algebraic integer. Theorem 3.6 shows that Φ[W a ](X, j(α)) and Φ A,F (X, j(α)) are monic polynomials with algebraic integer coefficients. Thus W a (α), T A,F (α) are algebraic integers. By Corollary to Theorem 2 in §10.1 of [6] , they are in
is an algebraic integer. Hence it is a unit.
Ray class field and ring class field
Let K be a subfield of C and Γ a subgroup of SL 2 (Z) of finite index. We denote by A(Γ) K the field of all modular functions with respect to Γ having Fourier coefficients in K. 
Proof. The assertion is deduced from the result
] ∈ E, the order of the q-expansion of W b at the point u/t is equal to min({tb 1 }, {tb 3 }) − min({tb 2 }, {tb 3 }). In particular, the order of q-expansion of W b • B(t, u, v, k) depends only on t and it equals to that of W b at the point 1/t. For any integers a, b and c, we see {{ab}c} = {a{bc}}. Thus the order of q-expansion of W λa i • B(t, u, v, k) is that of W a i at the point 1/{λt}. Let ω i (ℓ) be the order of q-expansion of W a i at the point 1/ℓ for ℓ ∈ Z, 1 ≤ ℓ ≤ N/2. By §3 of [4] , we know ω i (ℓ) < 0 if and only if ℓ > 2N 5 (resp. 
Proof. Put T i = T a i for i = 1, 2, 3 and T 4 = T a 1 ,a 2 . Since N is a prime number, the group Γ 0 (N) has two cusps represented by i∞ and 1. By Theorem 3. Proof. Put T = T A,F . By Theorem 3 of Chapter 6 of [6] , the field A(Γ(N)) Q(ζ) is a Galois extension over Q(j) with the Galois group GL 2 (Z/NZ)/{±E 2 } and the field A 0 (N) Q is the fixed field of the subgroup * * 0 * /{±E 2 }.
Since T ∈ A 0 (N) Q , to prove the assertions, it is sufficient to show that if 
Furthermore if ω(ℓ) has the smallest value for only one ℓ, then we have equality. Let u t be the greatest integer such that (u t , N) = t and u t ≤ N/2.
we can take an integer ξ so that ξ((k +1)t+v)+δt ≡ 0 mod N and (ξ, δ) = 1.
For an integer η such that ξη 
If we put u 1 = (N − ǫ)/2 with ǫ = 1 (resp. 2, 4) in the case N is odd (resp. even), we see easily 
where s * = µ(s)sk = sk. If we put s = s r = {ru 1 } for r = 1, 2, 3, 5, then s r = (N − rǫ)/2, s * r = ru 1 k for r = 1, 3, 5 and s 2 = ǫ, s *
where the notation O(q n ) denotes a q-series of order greater than or equal to n. Because the assumption for N implies d 1 + ǫ < 0, ω(u 1 − 1), we see by (2) ,
If we compare the coefficients of T • A (k = ξ) with those of T • L(k = 0), we see ζ −(5m+7n)u 1 ξ = ζ −2u 1 ξ = 1. If (5m + 7n) is odd, then, since (u 1 , N) = 1, we have ξ ≡ 0 mod N. Since ξ(t(k + 1) + v) + t ≡ 0 mod N, we have t ≡ 0 mod N. This gives a contradiction. Obviously if (5m + 7n, N) = 1, we have also a contradiction. For the case 5m + 7n is even, we have ζ −2u 1 ξ = 1. This shows 2t ≡ 0 mod N. Therefore if N is odd, we have a contradiction. Let N ≡ 2 mod 4 and t = N/2. It is noted Θ N/2 = {B (N/2, 1, 1, k) | k = 0, 1}. Since (N/2, 2) = 1, we can take integers x and y such that (N/2)x + 2y = 1. Consider a matrix A = x −1 2y t of SL 2 (Z). It is easy to see 
Proof. Our assertion follows from Theorems 1 and 2 of [3] and Proposition 4.1. 
Proof. Let us use the notation in §2 of [3] . For a prime number p, consider groups
and Gal(K ab /R f N ) respectively. By Theorem 2 of [3] , we see R f = K(F 0 (θ)) and R f N = K(F 0 (θ)). Therefore we have our assertions. 
• S is a modular function with respect to Γ 0 (N). By the result for t = N in (ii) of Proposition 3.4, we know T A,F ∈ Q((q)). Since B (1, 1, 1, −1 (1, 1, 1, −1) . By Proposition 3.5, we know T A,F ∈ A 0 (N) Q and T A,F • S ∈ A(Γ 0 (N)) Q . Our assertions follow from Proposition 4.5. T a 1 ,a 2 (θ) ), for i = 1, 3 and j = 1, 2, 3. Further if N|C, then
for i = 1, 3 and j = 1, 2, 3.
(ii) Assume that N does not divide 5m + 7n (resp. 4(5m + 7n)) and N > 9 (resp. 36) in the case N is odd (resp. even). Further assume that N is not divided by 4 in the case m + n is even. Then
Proof. In the proof of Propositions 4.5 we showed
. Therefore the assertions follow from Propositions 4.2 and Theorem 4.3.
Class polynomials of T A,F
Let O be the order of conductor f of an imaginary quadratic field K. Let D be the discriminant and C(O) the (proper) ideal class group of O. We denote by h(D) the class number of O. Let α ∈ K ∩ H and AX 2 + BX + C = 0 be the primitive minimal equation with integral coefficients of α over Q. If D = B 2 − 4AC, then we say α is an element of discriminant D. We put
To compute the singular values of the functions T A,F , we use an N-system for O introduced by Schertz [7] .
We say N is an N-system for O if following conditions are satisfied:
the set of ideals {I α i } is a transversal of C(O).
Let N be an N-system for O. Then by Complex multiplication theory, for each α i ∈ N, j(α i ) is an algebraic integer and generates the ring class field R f associated with the order of conductor f and they are conjugate to each other over Q (see §11.D of [1] ). For singular values T A,F (−1/α i ) we have Theorem 5.2. Let N be a positive integer such that E 2 is not empty. Put A = [a 1 , . . . , a n ] with a i ∈ E 2 . Let N = {α i } be an N-system for O. Then we have T A,F (−1/α i ) ∈ R f and they are conjugate to each other over K.
• S is a modular function with respect to Γ 0 (N). In the proof of Corollary 4.6, we showed T A,F • S ∈ Q((q)). Therefore the assertion follows from Theorem 3.1 of [2] and Theorem 3.7.
For a modular function g(τ ) with respect to Γ 0 (N) and an N-system N = {α i }, we define the class polynomial
The next assertion follows from Theorem 5.2. 
Let B be an integer such that B 2 ≡ D (mod 4N). Proposition 3 of [7] shows the existence of N-system containing the number (−B + √ D)/2. By Lemma 3.1 of [10] , we know the class polynomials of a modular function g related to N-systems depend only on integers B, considered mod 2N. We shall fix an N-system containing (−B + √ D)/2 and denote it by N B . In the followings, we give some examples of modular equations and class polynomials of the functions f = T a or T a 1 ,a 2 . We shall denote by H B (X) the class polynomial H N B [f ] in the case the function f is clearly indicated and any confusion can not occur. Therefore, we know T a ((9 + √ −7)/44) is a root of the factor X 2 − 5X + 8. 
